Garside groups are a natural lattice-theoretic generalization of the braid groups and spherical type Artin-Tits groups. Here we show that the class of Garside groups is closed under some free product with cyclic amalgamated subgroups. We deduce that every tree product of infinite cyclic groups is a Garside group. Moreover, we study those cyclic HNN extensions of Garside groups that are Garside groups as well. Using a theorem of Pietrowski, we conclude this paper by stating that a one-relator group is Garside if and only if its center is not trivial.
Introduction
Braid groups are well understood owing to Brieskorn's presentation theorem and the subsequent structural study by Deligne and Brieskorn-Saito [4, 12] : their main combinatorial results express that every braid group is the group of fractions of a monoid in which divisibility has good properties, and, in addition, there exists a distinguished element whose divisors encode the whole structure : in modern terminology, such a monoid is called Garside. The group of fractions of a Garside monoid is called a Garside group. Garside groups enjoy many remarkable group-theoretical, cohomological and homotopy-theoretical properties. The aim of this paper is to explore again the class of Garside groups. The latter happens to be closed under direct product and under some Zappa-Szep products. More precisely, every Garside monoid is an iterated Zappa-Szep product of Garside monoids with infinite cyclic center [20] . We recall that a Zappa-Szep product (or bi-crossed product, or knit product) of groups or monoids [28, 29] is the natural extension of a semidirect product in which both groups (or monoids) act on one another, the semidirect product corresponding to the case when one action is trivial, and the direct product to the case when both actions are trivial. Here we investigate the free products with cyclic amalgamated subgroups (Section 2). From this we deduce that every tree product of infinite cyclic groups is a Garside group. Then we study those cyclic HNN extensions of Garside groups that are again Garside groups (Section 3). As a nice consequence, using the solution of Pietrowski for the isomorphism problem for one-relator groups with non-trivial center [24] , we finally state that a one-relator group is Garside if and only if its center is not trivial (Section 4).
Background from Garside groups
In this section, we list some basic properties of Garside monoids and groups. For all the results quoted here, we refer the reader to [8, 10, 11, 19, 20] . Assume that M is a monoid. We say that M is conical if 1 is the only invertible element in M . For a, b in M , we say that b is a left divisor of a-or that a is a right multiple of b-if a = bd holds for some d in M . An element c is a right lower common multiple-or a right lcm-of a and b if it is a right multiple of both a and b, and every common right multiple of a and b is a right multiple of c. Right divisor, left multiple, and left lcm are defined symmetrically. For a, b in M , we say that b divides a-or that b is a divisor of a-if a = cbd holds for some c, d in M .
If c, c
′ are two right lcm's of a and b, necessarily c is a left divisor of c ′ , and c ′ is a left divisor of c. If we assume M to be conical and cancellative, we have c = c ′ . In this case, the unique right lcm of a and b is denoted by a ∨ b. If a ∨ b exists, and M is left cancellative, there exists a unique element c satisfying a ∨ b = ac. This element is denoted by a \ b. We define the left lcm ∨ and the left operation / symmetrically. In particular, we have
Cancellativity and conicity implies that left and right divisibility are order relations.
Definition 1.
A monoid M is said to be Garside if M is conical and cancellative, every pair of elements in M admits a left lcm and a right lcm, and M admits a Garside element, defined to be an element whose left and right divisors coincide and generate M . [4] , all spherical type Artin-Tits monoids are Garside monoids. The classical braid monoids of the complex reflection groups G 7 , G 11 , G 12 , G 13 , G 15 , G 19 and G 22 given in [5] (see [11, 19] ), Garside's hypercube monoids [13, 19] , the dual braid monoids for spherical type Artin-Tits groups [1, 2, 3, 19, 22] and some postclassical braid monoid [7] of for complex reflection groups of type (e, e, r) are also Garside monoids.
Example 2. By
If M is a Garside monoid, then M satisfies Ore's conditions [6] , and it embeds in a group of right fractions, and, symmetrically, in a group of left fractions. In this case, by construction, every right fraction ab −1 with a, b in M can be expressed as a left fraction c −1 d, and conversely. Therefore, the two groups coincide, and there is no ambiguity in speaking of the group of fractions of a Garside monoid. [11, 19, 20, 21] .
Lemma 6. [8, 11] Assume that M is a Garside monoid. Then the following identities holds in M : 
Definition 8.
A monoid is said to be atomic if it satisfies the equivalent conditions of Lemma 7. An atom is defined to be a non-trivial element a such that a = bc implies b = 1 or c = 1. The norm function ||.|| of an atomic monoid M is defined such that, for every a in M , ||a|| is the upper bound of the lengths of the decompositions of a as products of atoms.
Example 9.
The monoid M κ defined by the presentation
is an other example of a Garside monoid, which, as for it, admits no additive norm, i.e., no norm ν satisfying ν(xy) = ν(x) + ν(y) for any two elements x, y in M κ .
By the previous lemma, every element in a Garside monoid has finitely many left divisors, only then, for every pair of elements (a, b), the common left divisors of a and b admit a right lcm, which is therefore the left gcd of a and b. This left gcd will be denoted by a ∧ b. We define the right gcd ∧ symmetrically.
Lemma 10. [8, 11] Assume that M is a Garside monoid. Then it admits a finite generating subset that is closed under \, /, ∨, ∧, ∨ and ∧.
Every Garside monoid admits a finite set of atoms, and this set is the minimal generating set [11] . The hypothesis that there exists a finite generating subset that is closed under \ implies that the closure of the atoms under \ is finite.
Definition 11.
If M is a Garside monoid, the closure S of its atoms under \ and ∨ is finite-its elements are called simple elements, and their right lcm is the (minimal) Garside element denoted by ∆. The finite lattice (S, ∧, ∨, 1, ∆) nicely summarizes the whole structure of M in a nutshell. For any k > 1, the power ∆ k is again a Garside element. The exponent of a root a of a Garside element is the minimal integer ǫ(a) for which a ǫ(a) is central. We conclude this section by recalling how to effectively recognize Garside monoids.
The Garsidity criterion we shall use in the sequel is :
Proposition 13. [8, 11] Assume that M is a cancellative monoid admitting a Garside element in which the operation \ is coherent, that is, for every (u, v, w) in M 3 , we have
Then M is a Garside monoid.
For alternative Garsidity criteria and details, we refer to [8] , see also [9, 10, 11] .
Amalgamated free products
We prove that the class of Garside groups is closed under some free products with cyclic amalgamated subgroups. This turns out to be exactly what we need to deduce that every tree product of infinite cyclic groups is a Garside group. Definition 14. Let M 1 , M 2 , H be three monoids with ϕ 1 : H ֒→ M 1 and ϕ 2 : H ֒→ M 2 . The amalgamated free product of M 1 and M 2 with respect to H, ϕ 1 and ϕ 2 is the monoid Actually, the necessary assumption is that ϕ i (H) has to contain a Garside element of M i for i ∈ {1, 2}. When restricted to cyclic amalgamated submonoids, the latter naturally expresses in terms of roots of Garside elements.
Remark 16. Some algorithms for root extraction in Garside groups are been proposed in [16, 26, 27] : the extraction problem of an n-th root in a Garside group G reduces to a conjugacy problem in the Garside group Z ⋉ G n and hence is decidable ( [20, 21] ). Let us mention that the number of n for which an element admits an n-th root is finite and that the number of conjugacy classes of the n-th roots of an element is finite.
Figure 1: The lattice structure of the amalgamated free product
Proof. Let ∆ i denote the smallest Garside element of which a i is a root, say
. We want to show :
For this, we put (see Figure 1 )
Hence it remains to check the equation
Here it suffices to take say (x, z) ∈ ϕ 1 (M 1 ) 2 and y ∈ ϕ 2 (M 2 ), since the others cases are either trivial or symmetrical. For µ y > µ x > µ z , we have For µ x > µ y > µ z , we have
For µ x > µ z > µ y , we have
This proves the coherence of the operation \ and in fact the existence of lcm's in the amalgamated free product. The criterion of Proposition 13 applies.
Remark 17.
With different approaches and motivations, a related result appeared in the context of so-called preGarside monoids, in which no condition for the existence of a Garside element is considered [14] .
Remark 18. The extremal case-when the roots are chosen to correspond to powers of Garside elements-has been considered very early in [11, 19] .
is a Garside monoid-with minimal Garside element b
6 = abab 4 = c 6 admitting 56 simples, whose lattice is displayed in Figure 2 .
Remark 20. The root assumption in Proposition 15 is essential here. Whenever ϕ 1 in Example 19 is replaced with some ϕ ′ 1 : h → a p for a fixed integer p > 0, the monoid M 1 ⋆ a p =c 2 M 2 is no longer Garside, as no Garside element exists.
At this point we have to emphasize the associativity of the free product with cyclic amalgamated submonoids in Proposition 15. A consequence is the following.
A labelled tree T is a tree with a labelling map λ which, with every edge between two vertices a and b associates two labels λ a,b and λ b,a belonging to {2, 3, 4 . . .}. In this case, the tree product G(T ) is the group presented by Corollary 21 , the group G(T 0 ) is Garside.
Corollary 21. Every tree product of infinite cyclic groups is a Garside group.

Example 22. Let T 0 be the labelled tree of Figure 5 (in which grey labels of vertices will be explained later in the proof of Proposition 24 and Example 29). According to
HNN extensions
We study those cyclic HNN extensions of a Garside monoid that are Garside as well. Again the roots of Garside elements play a crucial role. Here again, the necessary assumption is actually that ϕ 1 (H) and ϕ 2 (H) have to contain the same Garside element of M . When restricted to cyclic HNN extensions, the latter naturally expresses in terms of roots of Garside elements.
Proof. Let M ′ denote the HNN extension M, t : h 1 t = th 2 + . Let e 1 = ǫ(h 1 ) and e 2 = ǫ(h 2 ).
(i) The relation h 1 t = th 2 -which holds in M ′ -implies h (ii) Let A be the set of atoms of M . As it stands, the monoid M ′ needs not to provide a Garside structure to the group G ′ admitting the same presentation. The trick is to introduce the map ψ defined by
which induces an automorphism of the group G ′ . Then we can consider the monoid M ′′ whose presentation is obtained from that of M ′ by keeping the set of atoms A ⊔ {t} and by stuffing each relation with the special atom t. Formally, for any word u = m i=1 a i with a i ∈ A and any letter t, the word denoted by u
and the relation h 1 t = th 2 becomes h 1 t t = th 2 t in M ′′ . Now, we can show that M ′′ is Garside. First, the monoid M ′′ inherits the cancellativity from M . Next, let z denote some central Garside element of M . The hypothesis e 1 = e 2 implies that the center is not trivial and then ψ(z) = z t t is a central Garside element in M ′′ , ensuring the existence of-here least-common multiples. 
and the result follows (see Figure 4) . All the arguments advanced here can be carefully revisited in order to obtained an even more general result that a Generalized Baumslag-Solitar group is Garside if and only if its center is not trivial, which essentially seems that a GBS group is Garside whenever it is a GBS-tree group [18] .
Pietrowski groups
Using the solution of Pietrowski for the isomorphism problem for one-relator groups with non-trivial center [24] , we finally state that a one-relator group is Garside if and only if its center is not trivial. We choose the just-above term as a short for Baumslag-Collins-Karrass-McCool-MeskinMetaftsis-Magnus-Murasugi-Pietrowski-Solitar-Steinberg-Taylor group. Here are gathered some properties of the class of these groups (see [17, 24] ).
Every m-Pietrowski group with m ≤ 3 is a one-relator group: the group a 1 , a 2 , a 3 : a where π λ,µ (x, y) denotes the unique primitive element (up to conjugation) with exponent sum λ on x and µ on y.
The group a 1 , a 2 , a 3 , a 4 : a is not a one-relator group. For every m, there exists an m-Pietrowski group which is a one-relation group.
Applying Corollaries 21 and 27, we are able to state these rather amazing facts:
Corollary 32. Every Pietrowski group is Garside.
Corollary 33. A one-relator group is Garside if and only if its center is not trivial.
Example 34. Figure 6 displays 
